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The relationship between functions with the same optimal knots for L,[0, 1]
approximation by kth order splines or piecewise polynomials is investigated. It is
shown that if two functions have positive continuous kth derivatives they will have
the same optimal knots if and only if they differ by a polynomial of order £. An
application to design selection for continuous time regression is considered and
extensions to L, approximation are also provided.

1. INTRODUCTION

Consider the L,|0,1] approximation of two functions by splines or
piecewise polynomials with free knots. In this article we investigate the
relationship between functions, f and g, having the same optimal knots.

Let P% and S% denote, respectively, the set of all kth order piecewise
polynomials and kth order splines with N — 1 distinct knots in the interior of
{0, 1]. For simplicity, a generic notation f, will be used to indicate the best
L,[0, 1] approximation to f from either P or the closure of S¥, S&; its
meaning will be clear from the context. The properties of f,, for PX have been
studied by Chow [5] and Burchard and Hale [4]. Similar results for % can
be found in Barrow, et al. [2] and Barrow and Smith [3]. All these papers,
however, have focused on the behavior of f, and its corresponding optimal
knots for f in various function classes. For instance, Chow |5] has
established conditions on f that ensure unique optimal knots for each N,
whereas Barrow and Smith [3] have provided an asymptotic characterization
of the behavior of the optimal knots in terms of f’s kth derivative. In
contrast, this paper focuses on what is, in a certain sense, an inverse of these
problems. Rather than asking how /s properties characterize the behavior of
its optimal knots we ask, instead, to what extent the optimal knots charac-
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terize f. The answer is, essentially, that two functions with the same optimal
knots for all N must differ by at most a kth order polynomial. More
specifically, we show

THEOREM 1. Let f, g€ L,[0,1]NC*[0, 1] with f* and g* both
positive on [0, 1]. Then, f and g have the same optimal knots for L,[0, 1]
approximation from PX (or from SX) for all N if and only if there exist
constants a,..., ay, (&, # Q) such that

f@)= til at' + a, g(t), te[0,1]. (1.1)

i=0

The proof of Theorem 1 is given in Section 2. Although this theorem is of
interest in its own right, it also has statistical applications, one of which is
briefly discussed in Section 3. Another application is to the statistical
problems of grouping, spacing, and stratification considered by Adatia and
Chan [1] who, when k= 1, have obtained a special case of this result. It
follows from Eubank [6] that Theorem 1 can be used to obtain their
Theorem 5 under alternative conditions. Section 4 contains some concluding
remarks and suggestions for future research. An extension of Theorem 1 to
L,[0, 1] approximation is also provided.

2. PROOF OF THEOREM 1

Let us first prove Theorem 1 for approximation from S¥% as the case of P¥
will follow similarly. Throughout this and the subsequent section we use || - ||
to denote the usual L,[0, 1] norm and D, for the set of “all possible” knot
choices, i.e.,

Dy={(ty, by ty): 0= 85 < 1) < -- <ty =1}, (2.1)

For T € D, let 5% denote the L,|0, 1] orthogonal projector for the set of all
kth order splines having knots at 7. Then, a best approximation f,, is charac-
terized by

If = Al = jnf IS =5/, 22)

Note that although %X f has noncoincident knots, the knots for f, need not
be distinct.

Now let f(t)=>*%"da,t'+ a,g(t) for some constants a,..,a, with
a,# 0. Then || f — F4fll=|a,| || g — % g|l for all T € D,,.. Consequently,
and g have the same optimal knots for all N and the direct implication has
been verified.
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To see the necessity of condition (1.1) let {f,} be a sequence of best
approximations to f and 0=1¢{ <ty --- <¥_, <ty =1 the optimal knots
corresponding to fy. By assumption these will also be optimal knots for g.
Define, as in Barrow and Smith [3], a piecewise linear function T" € [0, 1]
satisfying TY(i/N)=1¢Y, i=0,..., N, and let s, denote its right continuous
inverse. It then follows from Theorem 3 of [3] that, since /¥ > 0, as N — oo,

su(0)= | 47001 dz/ [ 7oy ax (2.3)

N

uniformly on [0, 1|. But, since the {#}'}}_, are also optimal knots for g,

sy(1) - j g1+ dt/(o [ g% (x)) ¥+ dy, 2.4)

The result now follows by equating (2.3) and (2.4) and differentiating.

To prove Theorem 1 for PX we need only note that an analog of
Theorem 3 in Barrow and Smith [3] can be shown to hold, in this case, by
using their proof in conjunction with Theorem 1.1 of [4]. The required result
can then be obtained as in the previous arguments.

3. AN APPLICATION TO REGRESSION DESIGN FOR TIME SERIES

In this section an application of Theorem 1 to the problem of optimal
design for continuous time regression will be presented. The situation is as
follows. A stochastic process Y is assumed to have the form

Y()=ff(t) + X(2), te o, 1], (3.1)

where fis a known regression function, § is an unknown parameter, and X is
a zero mean process with covariance kernel

R(s, )= (k — 1)!'2j1 (s —w) 1 (t —w)k ' du, (3.2)

with x%~' = x*~1 if x > 0 and zero, otherwise. The objective is to obtain an

estimate of the unknown parameter . However, suppose it is possible only
to sample the Y process, as well as the £ — 1 quadratic mean derivatives, at
some set of noncoincident time points 7 € Dy. Thus an estimator must be
based solely on the observations YX={Y®(s):t€T, i=0,.,k—1}. For
this purpose the best linear unbiased estimator of § can be obtained through
the use of generalized least squares (cf., Sacks and Ylvisakar [10]). This
estimator will be denoted by /?k_T. Since the choice of T is usually at the
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discretion of the experimenter, the problem arises as to how T should be
selected. Let V(6 ;) denote the variance of f§, ,; then, an optimal estimator
can be obtained by choosing 7* € D, to satisfy

VBir) = inf V(fi.) (3.3)

Under the regularity condition that f admits the representation,
1
SO == 9 -k du, (3.4)
0

for some f® € L,[0, 1] problem (3.3) is amenable to analysis and has been
studied by Sacks and Ylvisaker [10], Wahba [11], Eubank et al. [7], and
others. We now investigate, with the aid of Theorem 1, the relationship
between regression models having identical optimal designs for all N.

It follows from Eubank et al. [7] that for R of the form (3.2), T € D,, and
S satisfying (3.4) we may write V(B, ;)=|[.7%f® |72, where 7% is the

L,[0, 1] orthogonal projector for the set of all piecewise polynomials of
order k with knots at T. As || PXfPON =||f @2 —|f® — 257502,
problem (3.3) can be restated as: find (f*), such that

179 == nf 1 =75 (3:5)

with 7* then provided by the knots for (f©’),. In view of Theorem I, this
has the following immediate consequence.

CoROLLARY. Let f, and f, be two regression functions satisfying (3.4)
with £ € C*|0, 1] and f*¥ positive on [0, 1] for i =1,2. Also let B} ; and
,Bk r denote the BLUEs of B corresponding to when f, in (3.1), is f, and f,
respectively. Then, ﬁk'T and ﬂk.T have the same optimal designs for all N if
and only if

k-1

L0 =N a4+ a, fH(0), t€ [0, 1].

i=0

Thus, not only does the regression function dictate the properties of the
optimal designs but, conversely, the optimal designs also characterize the
regression function up to a 2kth order polynomial. The corollary can be
extended to a wider class of processes through use of the results in [8].

4. CONCLUDING REMARKS

Theorem 1 has a straightforward extension to the case of best L,[0, 1]
approximation, 1< p< oo, from PX. Using the notation and results in
Theorem 1.1 of [4] and the techniques of Section 2 it is possible to show
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THEOREM 2. Assume  that  either f,g€ WX'(0,1) or else
£ g € WKL, 1)NL,0,1] and |f*], |g®| are monotone a.e., with
|f®" and | g®|° integrable for 6 = (k + p~')~". For p= oo also assume
that f, g € C[0,1]. If, in addition, (f®g®)>0 (or —(f®g*)>0, as
appropriate) a.e., then f and g have the same optimal knots for all N if and
only if (1.1) holds.

Note that when p = 2, Theorem 2 implies Theorem 1 for P¥. An analog of
Theorem 2 for §% and 1< p < o can be obtained using resuits in [9].

More general versions of Theorems 1 and 2 are desirable. In particular,
relaxation of the conditions imposed on the sign change behavior of £*' and
g% would be of interest. Unfortunately, the asymptotic behavior of the
optimal knots serves only to distinguish between functions whose kth
derivatives are not proportional in absolute value. Thus, relaxation of these
restrictions will require the use of information provided by the optimal knots
for finite N. To illustrate the ideas involved consider the function f(x)= x,
x € [0, 1] and define g(x) to be f(x) on [0,0.5] and 1 — f(x) on [0.5, 1].
Then, for k=1 and p=2, say, we have |f'|=|g’| so that / and g are
indistinguishable in terms of the asymptotic behavior of their optimal knots.
However, the optimal knots can still be seen to separate these two functions
by comparing the optimal knots for f when N =2, viz. 1 and %, to the
breakpoints 1 and 2 for g.

ACKNOWLEDGMENTS

The author would like to thank Professor Phil Smith for helpful conversations during the
preparation of this manuscript.

REFERENCES

1. A. ApaTia aND L. K. CHAN, Relations between stratified, grouped, and selected order
statistics samples, Scand. Actuar. J. (1981), 193-202.

2. D. L. Barrow, C. K. CHui, P. W. SMITH, aND J. D. WaARD, Unicity of best mean
approximation by second order splines with variable knots, Math. Comp. 32 (1978),
1131-1143.

3. D. L. BARROW AND P. W. SMITH, Asymptotic properties of best L,|0, 1| approximation
by splines with variable knots, Quart. Appl. Math. 36 (1978), 293-304.

4. H. G. BURCHARD aAND D. F. HALE, Piecewise polynomial approximation on optimal
meshes, J. Approx. Theory 14 (1975), 123-147.

5. J. CHow, Uniqueness of best L,[0, 1] approximation by piecewise polynomials with
variable breakpoints, Math. Comp. 39 (1982), 571-585.

6. R. L. EuBank, “Optimal Grouping, Spacing, Stratification, and Piecewise Constant
Approximation,” Tech. Rep. No. 164, Department of Statistics, Southern Methodist
Univ., Dallas, 1982.



332 R. L. EUBANK

7. R. L. EuBank, P. L. SmiTH, AND P. W. SMITH, Uniqueness and eventual uniqueness of
optimal designs in some time series models, Ann. Statist. 9 (1981), 486—493.

8. R. L. EuBaNk, P. L. SMITH, AND P. W. SMITH. A note on optimal and asymptotically
optimal designs for certain time series models, Ann. Statist. 10 (1982), 1295-1301.

9. D. D. PENCE AND P. W. SMITH, Asymptotic properties of best L [0, 1] approximation by
splines, SIAM J. Math. Anal. 13 (1982), 409-420.

10. J. Sacks AND D. YLVISAKER, Designs for regression problems with correlated errors III,
Ann. Math. Statist. 41 (1970), 2057-2074.

11. G. WAHBA, On the regression design problem of Sacks and Ylvisaker, Ann. Math. Statist.
42 (1971), 1035-1053.



